In this paper, we introduce a new method for calculation of energy levels in detail and give our results for several iso-spectrum-level series as examples: [He] 
Introduction
The energy levels are widely applied in many fields, such as plasma diagnosis, astrophysics, laser development, and analytical chemistry. Therefore, more and more attention has been paid on calculations of high--precision energy levels of atoms and ions. Many theoretical methods have been developed in this field: multiconfiguration Hartree-Fock (MCHF) method [1] [2] [3] , multiconfiguration Dirac-Hartree-Fock (MCDHF) method [1] [2] [3] , configuration interaction (CI) method [4] [5] [6] [7] , relativistic many-body perturbation theory (RMBPT) [8] [9] [10] [11] [12] [13] [14] , and weakest bound election potential model (WBEPM) theory [15] [16] [17] [18] [19] [20] [21] [22] [23] , etc.
In recent years, many excellent works have been done by theoretical researchers. The MCHF method has been widely used to calculate properties of atoms and ions including energy levels. Irimia and Fischer reported energy levels and transition probabilities of neutral argon using both MCHF method and MCDHF method [1] . Fischer and Tachiev also applied MCHF method to the study of energy levels and lifetimes for the Be-like to Ne-like sequences [2] . Two years later, the same group reported an extension of this work to the sequences with 11-18 electrons [3] . In their calculations, the MCHF approach was used for obtaining the "best" radial functions for the interacting terms and the relativistic effects were included through the Breit-Pauli approximation. Dzuba et al. used both Hartree-Fock (HF) and CI method to study the energy levels and lifetimes of Nd(IV), Pm(IV), Sm(IV), and Eu(IV) [4] . They also reported energy levels of Ge, Sn, Pb [5] and barium and radium [6, 7] . They started their calculations from the relativistic Hatree- * corresponding author; e-mail: nwzheng@ustc.edu.cn Fock method and used CI method to treat the interaction between valence electrons. Another powerful method in this field is RMBPT. Yb-, Al-, Ga-like ions have been investigated by this method [8] [9] [10] . Energy levels of silver, beryllium, magnesium, francium and zinc isoelectronic sequences were also studied by this method [11] [12] [13] [14] . The core-valence correlations are included beyond the secondor third-order of RMBPT. Since the WBEPM theory was proposed [15] , many studies have been performed to calculate energy levels for atoms and ions [16] [17] [18] [19] [20] [21] [22] [23] [24] . In these works, the authors used the concept of the spectrum--level-like series and a new formula taking perturbation into account for calculation. Excellent results are obtained in those works. Deviations between the theoretical results and experimental values are generally smaller than 1 cm −1 . The purpose of this paper is to introduce another new method to calculate energy levels proposed by one of authors (N.W.Z), recently [25] . After introducing the concept of iso-spectrum-level series, we give the results of several iso-spectrum-level series including Be-, Al-, and Na-like sequence as examples. According to the WBEPM theory, the expression of nonrelativistic ionization potential is written as a function with two-order in Z. The relativistic effects are included by using a six-order polynomial in Z. We compare our results with the experimental data and with those obtained by other theoretical method.
2. The conception of the iso-spectrum-level series In our previous works, the conception of the iso--spectrum-level series has already been proposed and used to calculate the ionization potential [26] [27] [28] [29] . In order to describe our method clearly, we introduce the conception of the iso-spectrum-level series first. The conception of iso-electronic series is usually used in the study (629) for the ionization energies of ground state. All members (atom and ions) in an isoelectronic series have the same electron configuration. As a result, the conception of isoelectronic series is associated with the electron configuration and cannot provide the information relating to the terms or energy levels. However, for the study of ground state, all systems lie in the lowest energy state. Therefore, the conception of isoelectronic series is convenient to investigate the regularities of ionization energies of ground state. But for the atoms or ions with excited electrons, each electron configuration usually gives rise to several terms and each term splits into several spectral levels further. Under this situation, the conception of iso-electronic series is too rough to study the energies. Therefore, we introduce the conception of the iso--spectrum-level series study of the general regulations of excited states of atoms. An iso-spectrum-level series is a series of energy levels that is composed of energy levels with the same spectral level symbol in a given iso--electronic series. For example, Be(I) ( . From the definition, in a given iso-spectrum--level series, not only the electron configuration but also the spectrum energy levels is defined. The only variable parameter is the nuclear charge Z. Therefore, the ionization energy of WBE in a given iso-spectrum-level series could be approximate to a function of nuclear charge Z.
Theory and method
WBEPM theory is based on the consideration of the dynamic successive ionization, the choice of zero energy in quantum mechanics and the separation of the weakest bound electron (WBE) and non-weakest bound electrons (NWBE) [15, 16] .
A free particle with N electrons and a nucleus of charge +Ze in its ground state can give rise to N stages of ionization. The ionized species in N successive ionization stages are, respectively, neutral atom, unipositive ion, . . . , +(Z − 1) ion. The conception of WBE is referred to the definition of the ionization of a free particle: the ionization potential for a free particle is defined as the energy required completely to move the WBE from the particle. Therefore, we classified the electrons in an atom or ion system into two types, WBE and NWBE. The WBE is the electron which is most weakly bound to the system and excited or ionized first, the rest electrons are called NWBE. In terms of excitation or ionization, the WBE in a given system differs from the rest of the electrons in behavior. We can separate the WBE and the NWBE, and the problem of the WBE can be treated as a one-electron problem. Each electron in the N -electrons system acts sooner or later as a WBE in the ionization procedure. By removing the first, the second, . . . N -th WBE, an N -electrons atom can give N stages of ionization. Each stage of successive ionization processes corresponds to the removal of a WBE from the related subsystem. Accurate treatment of the WBE can provide accurate knowledge of atomic and ionic properties.
As the ionization energy is defined as the energy required completely removing the weakest bound electron from an atom or an ion in its ground or excited states, the energy of a level in spectrum-level-like series [17] [18] [19] [20] [21] [22] [23] [24] can be written as
where T lim is the ionization limit for a spectrum-level-like series. I exp is the ionization energy of WBE. In order to get the value of T (n) the value of I exp is needed. In this work, we use the theoretical value of ionization energy, I cal , to replace the I exp . Therefore, we get
We divided approximately the ionization energy into nonrelativistic part and relativistic part [30] I
where I nr represents the nonrelativistic energy and I r represents relativistic energy. Now we employ the WBEPM theory to calculate the nonrelativistic energy I nr .
According to WBEPM theory [15, 16] , the Schrödinger equation of WBE is
In WBEPM theory the potential function V (r i ) in Eq. (4) may be written as (in atomic units)
where Z is the effective nuclear charge, l is the angular quantum number of WBE, and r i is the distance between the WBEi and the nucleus. Parameter d is introduced to modify the integral quantum number n i and angular quantum number l i into nonintegral n i and l i . Substituting Eq. (5) into Eq. (4) and solving the Schrödinger equation of the WBE, we can obtain the following expressions of energy eigenvalue and the radial function:
and
where n is the effective principal quantum number with n = n + d, l is the effective angular quantum number with l = l + d, C is the normalization factor, and L
is the generalized Laguerre polynomial.
Because Eq. (4) is the non-relativistic one-electron Schrödinger equation, the energy eigenvalue of WBE obtained from Eq. (4) negative value of the non-relativistic part of ionization energy, I nr :
For an iso-spectrum-level series we can write Eq. (1) into
and the effective nuclear charge Z was proposed as a function concerning nuclear charge Z [15] , that is
where Z 0 is the nuclear charge of the first member in an iso-spectrum-level series, for example, Z 0 is the nuclear charge of the Be atom for iso-spectrum-level series Be(I) ([He] 2s3p 3 P 1 ), σ is the screening constant of the first member, and relatively increase factor g is a parameter that indicates the effect on the effective nuclear charge due to the increase in the nuclear charge in series.
The non-relativistic ionization energy can be written as
In order to obtain the values of parameters n , σ, and g, we considered the first difference of the non-relativistic ionization potential. In an iso-spectrum-level series, the plot of the first difference of the ionization potential, ∆I nr = I nr (Z + 1) − I nr (Z), vs. nuclear charge Z, would be a straight line. Because the relativistic part of ionization potential is quite small, the plot of the first differences of the experimental ionization potential ∆I exp = I exp (Z + 1) − I exp (Z) vs. nuclear charge Z could be approximated to the plot of the first difference of the ionization potential, ∆I nr = I nr (Z + 1) − I nr (Z), vs. nuclear charge Z. In this work, the experimental data are taken from Ref. [31] . Therefore, the effective principle quantum number n can be treated as a constant approximately, and can be obtained from the plot of ∆I exp and nuclear charge Z. The screening constant of the first member σ and the relatively increase factor g can be calculated later. Therefore, the energy levels can be obtained from the following equation:
As Z 2 is the highest power of Eq. (12), the relativistic effects such as mass velocity, the Darwin term, and the spin-orbit term cannot be included completely in Eq. (12) . In order to get more accurate energies, the relativistic effects must be taken into account. As mentioned above, in a given iso-spectrum-level series, the only variable parameter is the nuclear charge Z. Therefore, in this work, the relativistic energies are presented as a univariant function of a six-order polynomial in nuclear charge
We considered the deviations between experimental ionization potential I exp (Z) and the ionization potential I nr (Z) calculated from Eq. (11) are equal to the relativistic part I r (Z). Here experimental values of ionization potential are taken from NIST data base [31] . By fitting deviations I exp (Z) − I nr (Z) to Eq. (13), we can obtain the values of coefficients a i (i = 0-6). The theoretical value of ionization energy can be expressed as the following equation:
Then for an iso-spectrum-level series, we obtain
As the Z is determined for a given member, Eq. (14) reduces as Eq. (2) and one can calculate T (n) through I cal and T lim .
Results and discussion
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In conclusion, employing the WBEPM theory, we calculated the energies for Be-, Al-, and Na-like sequence. Equation (11) is derived to calculate the non-relativistic energies, and the relativistic corrections are taken into account by a six-order polynomial in nuclear charge Z.
